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ABSTRACT: We present a new type of self-tuning mechanism for (3+p)d brane world models
in the framework of gravity-scalar theory. This new type of self-tuning mechanism exhibits
a remarkable feature. In the limit g; — 0, g5 being the string coupling, the geometry of bulk
spacetime remains virtually unchanged by an introduction of the Standard Model(SM)-
brane, and consequently it is virtually unaffected by quantum fluctuations of SM fields
with support on the SM-brane. Such a feature can be obtained by introducing Neveu-
Schwarz(NS)-brane as a background brane on which our SM-brane is to be set. Indeed,
field equations naturally suggest the existence of the background NS-brane. Among the
given such models, of the most interest is the case with A = 0, where A represents the bulk
cosmological constant. This model contains a pair of coincident branes (of the SM- and
the NS-branes), one of which is a codimension-2 brane placed at the origin of 2d transverse
space (= Xs), another a codimension-1 brane placed at the edge of ¥9. These two branes
are (anti) T-duals of each other, and one of them may be identified as our SM-brane plus
the background NS-brane. In the presence of the background NS-brane (and in the absence
of A), the 2d transverse space ¥ becomes an orbifold Re/Z, with an appropriate deficit
angle. But this is only possible if the (3 + p)d Planck scale M3, and the string scale
M,(= 1/V//) are of the same order, which accords with the hierarchy assumption [l [
that the electroweak scale mgw is the only short distance scale existing in nature.
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1. Introduction

Inspired by the fact that the SM fields in string theory should be confined to the D-
brane [fl, B], it was proposed that our universe may be a topological wall (3-brane) imbedded
in a higher dimensional spacetime (bulk) [[]. This "brane world” scenario has drawn
considerable attention over the last few years since it provides a mechanism for solving
the longstanding puzzles such as the cosmological constant problem [[f] or the hierarchy
problem [B]. For instance, a 5d model was presented in [[f] where the SM vacuum energy (or
the brane tension) "warps” only the 5d bulk spacetime and does not affect the geometry
of the brane itself, so the brane is kept flat regardless of the value of the brane tension.
In this model, the desired T'eV physical mass scale can be obtained from the fundamental
Planck scale ~ 10GeV through an exponential hierarchy generated by an exponential
"warp” factor. Similar models also have been considered in 6d [f]. These models provide



a nice way to address the hierarchy problem, but they require fine-tuning between brane
and bulk parameters in order to admit static solutions which are flat in the 4d brane world
sector. Since these models are not free from the fine-tuning, a separate discussion would
be necessary in order to meet the cosmological constant problem.

In this context, models without fine-tuning (or self-tuning models) have been proposed
both in 5d [-[] and 6d [LJ—-[J. In particular, in [[[J] it was argued that the self-tuning of
the cosmological constant is generic in 5d theories with no more than two branes coupled
to a scalar field as well as gravity. The idea of self-tuning mechanism in 5d is that if in
some cases the number of free parameters in the bulk solution is greater than the number of
matching conditions (including orbifold boundary conditions), then one can find solutions
where the brane tension can take any arbitrary value without changing geometry of the
brane, and quantum corrections to the brane tension do not disturb the flatness of the
brane. However, the presence of the bulk cosmological constant A leads to a reintroduction
of the fine-tuning between A and the brane tension except for a particular case [f§]. Also,
5d models generally involve a naked singularity from a finite proper distance from the
brane [, [3].

As mentioned above, self-tuning models also have been proposed in 6d. The self-tuning
mechanism in 6d is different from that in 5d. Generally, 6d solutions have a desirable
property that the brane tension does not affect the 4d effective cosmological constant; it
only induces a deficit angle in the transverse space. The above 6d models are worth noticing
in this respect. But still, certain kinds of fine-tunings are necessary in these models. For
instance, a fine-tuning of bulk parameters is needed in [[L1]] to obtain a sufficiently small
value for the 4d cosmological constant, or a flux quantization causes a reintroduction of
the fine-tuning between brane and bulk parameters in [[J]. Besides this, there have been
some claims [[4] that these 6d models are not really the self-tuning models; they are indeed
fine-tuning models. (Further conventional works in 6d can be found in [L7]).

In this paper, along this line of studies, we will consider (3+ p)d brane world solutions
(and corresponding brane world models) in the framework of gravity-scalar theory. The
solutions show that the (3 + p)d gravity-scalar action admits a new type of self-tuning
mechanism distinguished from the conventional ones. Namely, the geometry of bulk space-
time remains virtually unaffected by the quantum fluctuations of SM fields with support
on the SM-brane in the limit as the string coupling gs goes to zero. Such a feature involves
an introduction of a background NS-brane, whose existence is naturally suggested by field
equations.

Historically, the theory with background NS-branes in the limit g; — 0 is not new.
It is believed that in the limit g; — 0 NS5-branes of the type II string theory decouple
from bulk modes (including gravity), and this decoupled theory of NS5-branes is known
as ”Little String Theory”(LST) [[[§]. For this reason the discussion of this paper may be
partially regarded as an analogue of LST, and consequently the limit gs — 0 as an analogue
of the decoupling limit of LST. Such an implication in LST is briefly discussed in section fi
and section [i.

Besides this, the self-tuning mechanism of this paper is naturally connected with the
hierarchy problem. In the presence of the background NS-brane (and in the absence of A),



the 2d transverse space becomes an orbifold Ra/Z,, with a deficit angle § = 27(1 — 3) with
B ~ (Ms/Msy,) P, where M is the string scale, while Mz, the (3 + p)d Planck scale.
So in order that 8 becomes of order one, M, and M3, must be of the same order, which
naturally accords with the hierarchy conjecture that there may exist only one fundamental
short distance scale (which is presumably the electroweak scale) in nature. We will see this
in section [L{.

2. Reduced action
We start with a (3 4 p)d action given by!

/ BPXN -G [ P[R+4(VP)?] — A — (V\Ill-)Q , (2.1)
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where 2x2 = 1/2M§i§ in terms of the (3 + p)d Planck scale M3,,, and @ is the (3 + p)d
dilaton. The cosmological constant term includes a factor e*®, and where the case o = —2
is of particular interest because it corresponds to the string theory. The action (R.1) also
contains two scalar fields ¥; and Wy, which will play an essential role in our self-tuning
mechanism. To obtain equations of motion from (B.]) it is convenient to follow the lines

of [7. We take the (3 + p)d metric to be of the form
ds§+p =AM g5k 4 eB(T)deQ, (2.2)

where dfg =da?+ -+ dx?,, the line element of the p-brane, while
2
f2(r)

represents a 3d subspace(= Y3) with coordinates y* = (t,r,0). In (2.3), 0 is an angular

ds3 = —N?(r)dt® + + R2(r)db? = jopdy®dy® (2.3)

variable with 0 < 6 < 27, and (r,6)(= 7) are polar coordinates representing 2d transverse
space(= X3). At this point we implicitly assume that the geometry of 3 is locally Ro
around 7 = 0.

The metric (R.2) is of the most general form with an O(p) symmetry on the brane sector.
In fact the field degrees of freedom of the metric (R.9) (together with (R.3)) are redundant.
For instance the factor e? could be absorbed into dsg, but it has been introduced for
the later use. f(r) is also a redundant degree of freedom associated with a coordinate
transformation r — 7 = F(r). Now notice that the scale factors in (£.2) and ([.3) all
depend only on r. We will also assume that the scalar fields ®, ¥y, and W5 are all functions
of r alone (namely, we are considering rotationally symmetric p-brane solutions). Since the
fields do not depend on the coordinates z; along the p-brane, the (34 p)d action (R.1)) can

1Instead of the last term of (2.1), it is also possible to consider more generalized terms like
(—1/2) 2 e?i(VV;)?, where o; is any dilatonic scalar other than ®. The whole discussion of this paper

still holds for this generalized Lagrangian as can be inferred from the argument of sectlonﬁ



be reduced to a 3d action defined on the subspace X3:
Lo = % / Pyy/ et G] ¢ % | R — MDA — 1@4) — P@B) + 4007
~2(00)(04) — 5 3 (0w, (2.4
where ¢ is the 3d effective dilaton defined by

_ L, r
¢_<1>—4A—4B, (2.5)

and R is the 3d Ricci-scalar obtained from §a,. The indices in (4) are all raised or lowered
with Gu. If we choose (recall that e was a surplus degree of freedom)

A=4% —pB (2.6)
[E.4) reduces to
1 ~
Leq = 53 Byr/—det |G| | B — e@TOPPBA — 4(08)? + 2p(0D)(8B)
1 1 2
—%(03)2 — 56” > (0U)? ], (2.7)
=1

where the 3d dilaton ¢ is absent and the kinetic term for §,; has the standard Einstein
form without coupled to ¢. So the first term of (P.7) is a standard Hilbert-Einstein action
for the 3d gravity Gup, while the remaining terms constitute an effective matter action that
gives a contribution to the energy-stress tensor T,; of the 3d Einstein equations for ggp.

3. Codimension-2 brane and field equations with ¥; = 0

The bulk equations of motion off the brane can be obtained from the reduced action in (P.7).
But in order to include the effect of the brane we need to introduce a brane action. In this
section we start the discussion with an assumption that we have a codimension-2 brane at
7 = 0. Also, we assume that the scalar fields ¥; are "turned off” (¥; = 0) at this point.
The action for a dilaton-coupled codimension-2 brane is most generally given by

Icod—2 = _/dp—’—lx\/ _d6t|gﬂl/| V;?((I)) ’ (31)

where V(@) is an arbitrary functional of ®, and g, is a pullback of G4 to the (p + 1)d
brane world:
dsi = GdX"dX" |r—g
= —eAN2dt? 4 &P (dw% + -+ dx?,)‘to
= gudatdx” . (3.2)



Upon using (R.6) and (B.2), the action I.,4_» can be converted into

Icod—Z = _/dgy _d6t|gab| 62q> VE)((I)) 62(F) ’ (33)
3

where the 2d delta-function §(7) has been normalized by

/ d*7\/Ge 82(F) =1, (3.4)
Y

where go represents the determinant of the 2d metric defined on ¥5. As mentioned above
we will begin our discussion with a codimension-2 brane placed at ¥ = 0. But later we
will introduce a codimension-1 brane (in the case A = 0) at the edge of X3, which becomes
a T-dual of the codimension-2 brane at ¥ = 0. Such a codimension-1 brane appears as a
circle of certain radius, while the codimension-2 brane simply as a point on Xs.

The field equations with a codimension-2 brane are now obtained from the total action

Liotal = Ived + Lcod—2. In covariant form they are written as

(a) 3d Einstein equations:

. 1. -
Rap — §§abR = & (Tap + tap) (a,b=1t,r0) (3:5)
with
Ty = —— gy elc+OP—pBp | 4 (8, ) (Dp®) — 15 b(0D)?
@ 2,27 K2 27¢

-2 0108 - Jaai00)08)]

2t ) [@B)(abB) - %gabwmﬂ , (3.6)
tap = _gatgttgtb 62¢‘/]2((I>) 52(7?) ) (37)

where ¢, follows from the action I.oq—2 in (B.3).

(b) Equations for ® and B:

Py (@+6) ieo—pBy _ “_2 20 1OVp(®) ] o,
Od 4DB —5 ¢ A = 5 € Vp(@) + 5 9D (), (3.8)
(p I Vop - oo+ %e(‘”ﬁ)‘b‘f’BA =0. (3.9)

Substituting (B.J) into the Einstein equations in (B.5) gives the following three independent
equations of motion:

N(fR) + %¥e<a+6>4’p31\ + NfRH = —,@2¥e2‘1’ V(@) 82(7) (3.10)
N'fR + %Ee(a%)@_pBA — NfRH = 0, (3.11)
(N'fYR + %¥e<a+6>4’p31\ +NfRH =0, (3.12)



where H = 28'* — p&'B’ + %B' 2 and the "prime” denotes the derivative with respect

to r. Similarly, from (B.§) and (B.9) one obtains

(vyrey - 02D ]\;Re<a+6>¢—pBA (3.13)
_ (p_; 1) K2¥62q> |:V;)((I)) + %a‘g?éq))] 52(,,;»),
(NfRB/)I _ Lﬁ%e(a—l—ﬁ)@—p]g‘/x — 2,{2¥62¢' |:V};(‘1)) + %a‘gpi?] 62(7—,») ) (314)

Equations (B.10)—(B.14) constitute a complete set of linearly independent equations of
motion. Now we set

N =20+ 5By (3.15)
which (together with (B.6)) converts (B.2) into
d 2
ds2,, = i PB <f—7; + de92> e (= ntar + a7l ) . (3.16)

For h = f (and with ® = (p—1)B/4), (B.16) takes the usual form of the black brane. But in
this paper we are interested in the case h = 1, i.e., the solution preserving (p+1)d Poincaré
invariance. By substituting (B.17) into (B.11])-(B.14) and comparing with one another, one
obtains

AWM
(NfRE> =0, (3.17)

which shows that the (p + 1)d Poincaré invariance (h = 1) is automatically preserved. In
what follows we will set

h=1, (3.18)
then
(P‘gl)B

N — &= 20F (3.19)

Due to (B.17), eqs. (B-10)—(B.14) are no longer linearly independent; only four of them
are. Omitting (B.19), and choosing f(r) as

r
f=2r (3.20)
one finds that the field equations reduce to the following set of four linearly independent
equations:
ViR + Ay = —x*Cy 8%(7) (3.21)
2 1)+4 1
V2P — [((” )(I;J“ )+ }Aw = o0, (3.22)
2
V2B - (O‘%)Aw — 2k2C, 82(F) | (3.23)
dn¢\ [ dn R do\ 2 do\ [ dB\ p(p+1) [ dB\*
—2 212(r=—=) —p(r=)(r== ==
<7" dr><r dr >+ [(dr) p<rdr><rdr>+ 8 dr
= Ayr? | (3.24)



where V? is the flat space Laplacian V2 = (1/r)(d/dr)(rd/dr) (so 62(7) is now normalized
by [rdrd9s?(¥) = 1), while ¢ and C; are defined, respectively, by

£2R26(o¢+6)<1>—pB R26(a+2)<1>+B

" r2 —— (3.25)
and
1 )
C) = e(p-l—l)B/Q‘/p(q)) 7 Co = e(p—l—l)B/Q V;,,(‘I)) + _({9‘/},( ) ) (326)
7=0 2 00 70
By inspecting (B.25) together with (B.21])-(B.23) one finds that ¢ must satisfy
2 1
V2In ¢ + mA ¢ = K2 [2(02 —o)+ %@] (7 — 4nd®(F) . (3.27)
where 5 ) Nt g
and similarly from (B.19), (B.29) and (B.23), we get
Viiné+ A =0. (3.29)
Also in terms of ¢ and & the metric (B.1€]) is rewritten as
—la 72 y
ds3,, = e TPy (er - ?d62> + e (—dt?* +d7?) . (3.30)

4. Solution to field equations

The solution to the differential equations in the previous section can be readily found.
Using (B.27), one can show that the most general solution to the set of field equations (B.21])—
(B23) and (B-29) takes the form

R=ipy" Ry, ®=igptr, F =ipyh®, &=igyhe, (4.1)
where Ry is a constant with length dimension one, and kyy (M = R, ®, B, ) are given by
1 2 1 4 2
kR:kgz_, kq):—[(a+ )(p+ )+ ]’ kB:_M- (4.2)
m 8m 2m

Also iys are defined by

V21Iniy = 2w (s + 2kag) 62(F) = 2man 6% (7) | (4.3)
where the constants «j, are given by
27 2 2 2 1
ap = = <1——> C1+—CQ+—(OH_ Ay )Cz] ) (4.4)
2m | m m 2m
20 1)+1 2 1) +4
= 2 [l Y, o201 e) )
2m | m dm
k? 4 (a+2)
ap = —% _ECQ — (Cl +CQ):| , (4.6)
K2 [ 2 (@+2)(p+1)
__r12 _ L S A L M ) 4.
s 27 _m(C1 C2) 2m 02] (47)




By (1), (B-27) can be rewritten as
VZIny + mA v = =27 (mag + 2) 62(7) , (4.8)

and in the case A # 0, the solution to ({.§) takes the form [L§]

» +(8y%/mA) _ A
¥(r) = 2 fro) % (rfro) 7 <i = |A|> : (4.9)

where rg is an arbitrary integration constant, but « is given in terms of oy :

v=-—"La,. (4.10)
2
For A = 0, on the other hand, the solution to ([.§) can be written in the form
bo
= ——= 4.11
¢(T) 7"2(74/7"0)_27 ’ ( )

where by is an arbitrary constant with length dimension two. In (£9) (i.e., in the case
A #0), the constant v must be positive. If v < 0, ¥ becomes 1) ~ r~(*2) as r — 0, and
therefore V2Inv ~ —27 (—mag +2) 62(7), which does not agree with ([L.g), i.e., ¥ does not
satisfy the boundary condition at ¥ = 0. In the case A = 0, however, v (and consequently
a¢) can be both positive and negative. Finally, the solution to (f.d) (for both A # 0 and
A =0) is simply
r N\ M
in(r) = <%>  (anr = anr + 2ky) (4.12)

where 7 is an arbitrary constant.

Though the solution (1)) satisfies (B.21))—(B.23) and (B.29)), we still need for consistency
to check whether it satisfies (B.24) either. Substituting (f.1) (together with ([.9) (or ({.11)))
and ([£.19)) into (B.24) gives two consistency conditions

_(a£+aR)+[(Oz+n?l)+4]a¢_%a3:0’ (4.13)
and
—2agap +4ak — 2pagap + @a% = 272 (4.14)
Since
ag = —200 + MQB (4.15)

2
from the definition of ¢ (and from (|.1)) and ({.13)), the first consistency condition (§.13)
can be rewritten as
2ap +ap+ (@ +2)ags =0 . (4.16)
(E:16), however, is not a constraint. Using (f.4)—([.6), one can show that (.16) is iden-
tically satisfied from the definitions of ays. The condition ([.14), however, imposes a
restriction on apy. Using (f10), (E17) and ([L16) one finds that (.14) leads to a condition

(a+2)

l
* 2

=[=0, (4.17)



where [ is defined by
l=—. (4.18)

In the case a = —2 (or m = 2), ({.17) reduces to
=0 — ap =0, (4.19)

which in turn implies Co = 0 (readers can check that [ =0 in the case o # —2 also leads
to Cy = 0), or equivalently

o)+ 5

2 0%

=0. 4.20
7=0 ( )
In the weakly coupled case of the string theory V,,(®) is expected to be a power series

of the form
V(@) = e’ ¥ Ve, (Vj, = const.) (4.21)
n=0

(where 8 = —1 for the Dp-brane) when the quantum corrections to the brane tension are
controlled by the dilaton. So if the brane at ¥ = 0 is a Dp-brane? with Vp(®) given by
(4.21), V,, must be highly fine-tuned (for a given value of the string coupling eq){on) in
order to satisfy (4.20), and this can hardly be accepted. Above all, D-brane does not satisfy
(4.20) at the tree level.> For the NS-brane, however, V,(®) takes the form

V(@) = Voe 2, (Vo = const.) , (4.22)

and (4.24) is immediately solved by () for arbitrary Vp. This suggests that the
codimension-2 brane at ¥ = 0 with ¥; = 0 would be an NS-NS type p—brane whose
tension is given by ((.29). The type IT and the heterotic string theories admit such a brane
called NS5-brane. NSp—brane with p < 5 may then be regarded as a dimensionally re-
duced NS5-brane; for instance, NS3-brane can be taken to be a subsector of the NS5-brane
wrapped on 2d compact space other than s (see for instance [[L9]). This NSp—brane serves
as a "background brane” on which the SM-brane (a Dp—brane with SM-fields living on it)
is to be set.

5. Form invariant action

So far we have considered the case where ¥, are absent. Then we ended up with a result
that the codimension-2 brane at 7 = 0 should be an NS-brane. The action (R.1) with ¥; = 0
(and with A = 0 if necessary) precisely coincides with the low energy (closed) string action
with zero NS-NS 2-form field. But the result is that this action does not seem to admit

2To be precise, the objects discussed in the present paper are not the real BPS-objects of the string
theories, as the action does not include the terms for charges (i.e., n-form fields). The terms Dp-brane and
NS-brane are used in analogy to string theory. However, we will proceed the discussion assuming as if they
are BPS-branes, whose charges are neglected as is often the case with the usual brane world scenarios.

3The tree level form V,(®) = Voe™® of the Dp-brane can satisfy ) if we take ®(7 = 0) = co. But
this is not consistent with the weakly coupled case in which e® should not blow up on the D-brane.



a natural D-brane solution, which immediately gets us into trouble because SM fields live
on a D-brane. In this section we will show that such a difficulty can be avoided if we allow
nonzero ¥, in the action.

Turning back to the reduced action (B.4), one can show that the effect of introducing
nonzero V¥; is to make a certain shift in &, A and B. Namely, in the case A = 0, the action
with the field contents ®, A, B and nonzero V; is equivalent to the action with the new
fields ®, A, B and vanishing U, :

I(®, A, B) wiro I(®, A, B) o’ (5.1)
where ®, A, B are given by
=0+ Fp, A=A+4Fy—pFg, DB=B+Fp, (5.2)
and Fp and Fp are related with ¥; by
[(4@F<I> — pOFp) + (400 — paB)] " (40 — pdB)? = 262% (90, )? |
(0Fp + 0B)? — (0B)? = gem(a%)? . (5.3)

In (F.d), U1 = Uy = 0 implies Fp = Fg = 0 (we exclude the trivial case Fp, Fp =
constant), which means that Fg and Fp are field redefinitions of ¥y and ¥s. In addition
to this, Fp and Fp also depend on e?; i.e., they are functionals of ¥y, Uy and e?. (F-1)
also holds for the case A # 0, but this time we have only one ¥,;(= V). That is, ®, A and
B are given by

a+2)p ~ (+6)

- p o4 ( _
=0+, A=A —LF, B=B+—>F, (5.4)
and F' is related with ¥ by
2 (a+2) 2 2 (a+2) 2 4 0% ) o
FH B+ 1 — B 1 = )« .
0 =) (3 5 0 ng)} [(4—m) (3 + 5 0 n{) (4—m)pe ()
(5.5)

We see that ¥ = 0 implies F' = 0 as before, and especially for the string theory (a =

—2), (6.§) reduces to

(OF + 0B)? — (0B) = %em(axp)? . (5.6)

Let us consider the field equations in the presence of nonzero ¥;. (5.9) (or (b.4)) shows
that by appropriate field redefinitions ¥; can be absorbed into ®, A, B (in the forms of Fis
(M = ®,B) or F'), and do not manifest themselves in the action. So the field equations
(and consequently the solution) following from the action with W; # 0 are expected to take

precisely the same form as those following from the action with ¥; = 0 except that (®, A,
B) are replaced by (®, A, B). This implies that for ¥; # 0, (4.20) should be replaced by

10V,(8)
2 9%

10V,(8)
2 09

. 10Fp 0V,(®)

~

Vo (@) + V(@) +

= 0 >
=0

,10,



(5.7)
which shows that (E23) is not the correct solution for V,(®) anymore. Indeed from (5.7,

V(@) = e 2|

=0
= e 2" Vo(1 + fo)l._y - (5.8)
where fg is defined by
1
Fp = —5 ln(l + fq>) . (59)

So in order to admit a Dp—brane (SM-brane) in addition to the background NS-brane at
7 =0, it is essential to allow fg to have a nonzero value at ¥ = 0. That is, if we define

F0) = Voe ® fal., (5.10)

(5.9) can be rewritten in the form

V(@) =e 2V +e? % Ve +e7 [ £(0)— % Vie®| | (5.11)
n=0 n=0
and in order that V,(®) includes the tensions of both D-brane and NS-brane, f(0) must
compensate the terms for the D-brane tension :

F0) = 3 Vie®. (5.12)

(b.10) is not a fine-tuning because f(0) is arbitrary. Note that ¥; are subject to the
equations of motion OW; = 0 (with gy in O replaced by e*®g,;) which follow from (R.7).
However, the boundary values of ¥; (or equivalently fe at ¥ = 0; see also footnote [)
can be chosen arbitrarily so as to satisfy (f.10) as we wish, and therefore (f.10) does not
reduce to a fine-tuning. As a result, the codimension-2 brane at ¥ = 0 is now a stack of
an NS-brane and a D-brane in the presence of non-zero ¥;, and in this case the boundary
values of U; are determined by the D-brane tension.

6. Geometry

Let us turn to the geometry of the (3+ p)d spacetime. In section [, we found that (3 +p)d
metric with a codimension-2 brane at 7= 0 would take the form (B.30) with e®, eZ, ¢ and
¢ given by ({.), {9) (or (E11)) and (E:13). Though we have used r—coordinates so far,
it is also suggestive to introduce new coordinate systems.

In the case A < 0, we introduce a new variable y defined by

i 2 = (x—a) a = cons
(m) = G (a = const.) . (6.1)

If we take the constant a as )
2 _ M Qe
2 |Alrg
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then from (f.9) and ({.12), +»r? and i); become, respectively,

Yr? =15 (x* —a’) (6.3)
and a oy, o\
i = dy <X+a> , dy = <%> , (6.4)
where
Iy = —%Z—M , <ez l) : (6.5)
3 ol

The metric (B.30) now takes the form

_ 2 _4_ (2 (x—a
ds? = d-°D (2 _ g 2ym 15, <
d (x ) Y+a

2 dy? 2 —a\ %
X n T_g(XQ —a2)1*% <X a> 462

> 7(a+2)fq>

| mAlE - ) T & X+a
9 gy-lefd X —a s 2 -2
+dp(x® — a®)" zm TTa (—dt* +dz;}) (A<0), (6.6)
where 1) is defined by
m Ckg
and therefore
R € A € - e [(p+1) 1
Ie = —— Ig=——I lg = —— | ——21— = . 6.8
¢ m’ B m ® m [ 4 2 (6:8)

If A >0, (x —a) (and (x® —a?)) in (6.6) must be replaced by (a — x) (and (a® — x2)). We
further introduce n defined by
X = acosh+/|A| 7, (6.9)

then (6.4) becomes

. 4 _o_(a+2) A\ Aot
ds* = d;(aH)a%_Q_( e (sinh |A] >m " (tanh % 77> (6.10)

—41,
2 2 24 VIA ¢
X | ——dn®+ a*m % (sinh |A] n) (tanh 1A 77> do?
3

m| 2
(at2) 2ip
(a+2) - VIA ﬁ
+dpa™ o <sinh |A] 77) <tanh % n) (—dt* + dxf,) , (A<O),
and if A > 0, the hyperbolic functions in (p.1() should be replaced by trigonometric

functions.
For A = 0, on the other hand, the new coordinate n is defined by

o (L)“' , (6.11)

Mo To
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and from ([.11)) and ({13) the metric (B.30) becomes

5. (a43) 2¢ [2-1- 2] 2(a+2)le
ds? = g-(@t2) bﬁflf Zm <ﬁ>
® 7o
A1) g2 a2 2e(1- 2 )—ai
« | bl ( > R/ <ﬂ> o>
2 \mo m dg \"o
Lot /g (0+2) 1of
+dp b, " (77_> (—dt* +dz2), (A=0), (6.12)
0

where we have set by/ r% = 30. Note that if we take

bo = 2P (6.13)
To
(6-10) reduces to (6.12) in the limit A — 0 provided that /|A| is replaced with 2/ny.

The above metrics become greatly simplified when o = —2 (m = 2). For a = —2, (6.1()
becomes

l\.’)

ds® = dn? +

d2 2

—al; 2[p
<tanh ﬂ n) do* +dp (tanh @ 77) (— dt* + dflz,) , (A<0),
(6.14)
where fg and Ip are given by fg = —1 and Ip = —% (note that e(= v/|y|) must be positive
in the case A # 0, see section ). For A = 0, on the other hand, the metric is expected
to be independent of «, as is obvious from (R.I]). So in the case A = 0 we can choose any
value for « (this means that (f.13) is invariant under the change of «), and in what follows

we will always take o = —2 (m = 2) in the case A = 0. For a = —2, (6.12) reduces to

7 2(e—1) -2 7 —41¢ 7 2ip
ds? = <%> d772+d—0 <%> do*+dp <%> (—dt*+dz2) , (A=0), (6.15)
3

[\

where fg = —5 and IB = —sl.
Finally, the dilaton is given in the n—coordinates by
e=+1)
de a?ke (sinh |A] 77) <tanh VIAn/2 ) , forA<O,

dg bE® (n/mo)*Fo 2T, for A=0,

which reduces for « = =2 (m =2) and [ =0 to

gs/cosh+/|Aln/2, for A<O,
o — (6.17)

Js , forA=0,
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where g5 is defined by

dcpa*%/\/i , for A<O,
gs = (6.18)

dcplA)O , forA=0.

PN

The constant gs in (6.17) plays the same role as the asymptotic value gy of the theory
with an ordinary NS5-brane. It can be taken to have any arbitrary desired value in (6.1§)
by choosing dg properly. In our case we will take g; — 0, which corresponds to dp — 0.
The theory with NS-branes (or D-branes) in the limit g — 0 is not new as mentioned in
introduction. Such an idea can be found in the literatures on LST, where they consider the
limit gs — 0 by which the bulk degrees of freedom decouple from the degrees of freedom of
the brane, and one is left with physics on the brane. (Another example of using gs — 0 can
be found in AdS/CFT correspondence where the gauge coupling g%M(: gs) goes to zero,
while the rank N of the gauge group (or the number of D-branes) goes to infinity in such a
way that N g% s 1s held fixed.) In this paper we are essentially considering the same limit
as those of these theories. Also, there is another important reason for considering the limit
gs — 0. In our brane world models, taking g; — 0 naturally accords with the hierarchy
conjecture as we will see in section . If we assume M, ~ TeV and ppax ~ TeV ™! (where
My is the string scale: Mg = 1/\/&, and pmax is the size of ¥3), g5 is estimated to be
gs ~ 10716, which, however, is just a realistic value of the decoupling limit g5 — 0.

(B-17) shows that e® becomes the constant gs as we approach the background NS-brane
(n — 0). This contrasts with the case of the ordinary NS5-brane of the type IIA or type
IIB string theory where e® diverges in the vicinity of the NS5-brane. The reason why this
happens is that the NS-brane discussed in the present paper is not the real BPS object of
the string theory (see footnote ). Had it been a BPS-brane with (magnetic) charge N, we
would have had €?® ~ —g2N In7 (for A = 0) near n = 0, as can be inferred from the usual
NS5-brane solution e2® = ¢2(1 + No//n?) which becomes €*® ~ ¢g2Na//n? as n — 0. So
e?® would have diverged as nn — 0, just as in the case of the usual NS5-brane. In general
e® diverges in the vicinity of the (BPS) NS-branes, and this divergence near singularity
gives rise to an introduction of a new parameter (= gi) in LST R0, R1], which serves as
an effective string coupling on the D-branes stretched between N background NS5-branes.
We will be back to this point later (see footnote ff).

By (b.1§), one can estimate the constant 73/ dg appearing in the metrics (6.14)
and (B-18). Using (B.2), (b:13), (6-18), and the relation d¢ = dgd% which follows from

i¢ = iy°i%, one finds for [ = 0 (and for a = —2)
) 4g§a§/\A\ , forA<O,
”
d_g = (6.19)
¢ gﬁagng ) for A=0,

where we have used the fact that dg = (r0/7)'*¢ when o = —2 (see (p.4) and ({13)), so
dp =1 for [ = 0. After all this, we observe that the (3 + p)d metrics essentially depend

— 14 —



on Vj,(®) only through the constants [ and a¢. In the next section we will show that the
shifts in [ and a¢ due to quantum corrections to the D-brane tension are of an order g2,
which implies that the change of the bulk geometry (including flat intrinsic geometry of
the brane) due to quantum corrections to the D-brane tension is extremely suppressed in
the limit g; — 0.

7. Vp(®)-independent bulk geometry

In the usual self-tuning brane world models, the intrinsic geometry of the brane is not
affected by the brane tension V,,(®), but the geometry of bulk spacetime is always affected
by (the change of) V,,(®). For instance in 6d (or codimension-2 brane world) models, the
presence of a flat brane with the tension V,(®) causes a deficit angle in the transverse
dimensions the magnitude of which is proportional to V,(®). Thus a change 0V,(®) in
V(@) necessarily causes a corresponding change in the deficit angle, and this could lead to
a failure of the self-tuning scheme. The V,,(®)—dependency of the bulk geometry, however,
can be avoided by introducing background NS-brane; it is extremely suppressed in the limit
gs — 0 due to the presence of the NS-brane. In this section we will show that the bulk
geometry is really practically unaffected by the shift 6V, (®) in the limit g, — 0.

In section [] we have seen that the solutions with ¥; # 0 (i.e., [ # 0) are basically
self-tuning solutions. With [ # 0, the relation (f:18) can be expressed in terms of V,(®)
and OV,(®)/0® as

0 DG _ lardory
4 0P 4

[(a+2)(p+1) +4] OV,(®)
8 oo ’
(7.

where V,(®) represents a sum of the tensions of the D-brane and the NS-brane; V,(®) =
Vb (®) + Vns(®), each of which is assumed to take the form

aVp(@) + V(@) +

—

V(@) = e > VPlem® | Vys(@) = e 2™ (7.2)
n=0
Substituting (7-9) into (1)) gives an co—th order equation for gs(= eq’|n:0):

Z C,(f)g? =0, (7.3)

n=0
where
D = [k1+ (n = D] VP g + [ky + (n — 2)ka] Vi 600
oy = —a+—(o‘+21(p+1)z k= (“;2) + (0‘32) [(pzl)z— H (7.4)
Since as are combinations of V,(®) and dV,(®)/d®, the constant [ would also depend
on Vp(®) and dV,(®)/d®, or equivalently on infinite numbers of vii?) and VO(NS). Thus

solving ([7.3) for I (assuming that it can be solved) gives [ in terms of D) and VO(NS) for

a given value of g;.
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Though we wish to solve (7.J) for [ for a given value of g, it is convenient to begin
with an assumption that ([7.J) is an n—th order (co—th order in fact) equation for gs. To
solve ([7.3), rewrite it as

—{l+(a2ﬁ}%“vs’ + { <1—é) + (o +2) {(pgl)l—ﬂ }V()(D)gs

+{2+(a+2)[(p+1)l—1}}Vl(D)g§+...:0. (7.5)

4

(7H) has a peculiar form. The n-th order coefficients v appear as an (n + 1)-th order
coefficients in (.§). Equation ([.J) admits real solutions representing the limit g5 — 0 for
a certain value of [. Neglecting higher-order terms for a moment (and assuming that [ is
not infinitely large), one finds that the first two terms in ([.5) can cancel each other when

Py ) )

is much smaller than VO(D . To be precise, ([[.§) requires

e () o

provided the higher order terms are neglected. This is important. ([7.6) implies that [
VO(NS) is of the same order as VO(D) ; i.e., [~ gs if VO(NS) ~ VO(D).
DNS) 1/a/? for p = 5.)
So if gs — 0, I and similarly Ip are practically not different from their values with [=o.

should be as small as g5 if

(In string theory, VO(NS) and VO(D) both take the same value VO(

In the previous section we have observed that the (3 4+ p)d metrics depend on V,(®) only
through the constants [ (i.e., f) and a¢. Apart from o, this implies that the bulk geometry
is practically unchanged by an addition of the SM-brane (the D-brane) to the background
NS-brane. Note that Yo with an NS-brane alone corresponds to [=0 (U; = 0), while X5
with both SM- and NS-branes corresponds to [ # 0 (¥; # 0).

Once [ is determined at the tree-level for the given values of VO(D’NS), the effect of the
higher order terms can be obtained by adding 4§l to [, where ol(= 6ZA) is the shift in [ due
to quantum corrections to the tension of the SM-brane. As is obvious from ([.5), &l is
proportional to g2; i.e.,

o~ (VP Vi) g2 . (7.7)

To estimate the magnitude of §l, first consider the case where the gauge coupling is simply
given by g%, ~ gso/ P=3)/2 and Vl(D) / VO(NS) is of order the unity. In this case 4l is simply

o~ gar = (7.8)

i.e., the shift in [ due to quantum corrections to the brane tension is suppressed with the
factor g& ;.

There is a different way of viewing ([.7). Suppose that Vi (®) is written in the form
VO(D)

Vo(2) = Gs

o0
(1+ b)) mng"> , (7.9)
n=1

where the terms with n > 1 describe the quantum corrections to the brane tension due to

SM-fields living on the D-brane. The coefficients m,, are dimensionless, and m,, ~ O(1)
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provided n is not very large. The constant g is a dimensionless (effective) coupling defined

on the D-brane, and gy is now given by g%M ~ go/(p_g)/2

, while gs is taken to be
gs — 0. The expansion ([[.9) may be applied to both cases where the quantum corrections
are dilaton dependent, and where the quantum corrections are dilaton independent. In the
former case the coupling g is given in terms of g5 (see ([[.10)), and it becomes an analogue of
gist of LST* where the effective coupling on the D-brane is given by g, while the coupling
to the bulk modes behaves as gy (i.e., while Vp(®) is given by Vp(®) ~ 1/o/PHD/2g  af
the tree level, its quantum corrections should be expanded in the SM coupling gyas, or

equivalently gis;). Comparing (7.9) with (7.9) one finds that

(D) 1/n
1 Vn
0
and (1) becomes
5l ~ g% 9s of TP (7.11)

So the shift 4l is suppressed with the factor ~ g%, gs this time. Finally, in the case where
the quantum corrections are dilaton independent, g simply represents the SM coupling

gy M (through the equation g%M ~ go/(pf?’)/Q)

which is now independent of g;. But in this
case too, one can show that 4l is also given by ([.11)). So in any case, the change of the
bulk geometry due to quantum corrections is extremely suppressed in the limit g; — 0.

In the above discussion we have implicitly assumed that ([7.J) can be solved for g;.
But in reality, it is impossible to solve the co—th order equation, and we are only allowed
to solve the n-th order equation with finite n (perhaps for n < 4). For instance if n = 2,
the equation takes the form

g2+ Vg el =0, (7.12)

where ég) do not include g,. (F-19) admits real solutions for g, as long as the condition

2
<é§”) —4el > 0 (7.13)

is met. For ([.5), and for o = —2 for simplicity, the condition ([.I3) reads

1? 2
(1 - 5) (") + s v =0, (7.14)

4As mentioned in section E, LST admits an effective coupling gist on the D-brane [@] gist is defined
by gist ~ gs/LMs, where L represents the separation of the N NS-branes which are distributed uniformly
on a transverse circle in moduli space. In the double scaling limit gs,L — 0 with gs/L held fixed, gist
takes a certain finite value and it plays a role of the effective string coupling on the D-branes stretched
between N NS-branes. So in order to define gis, it is necessary to have a configuration that there are N
(BPS) NS-branes sitting around the singularity. In the present paper, however, we are only considering
a brane world scenario which uses LST, rather than being LST itself, only as a partial analogue of the
theory, and we simply assume (without extending to the configuration with N (BPS) NS-branes) that an
effective coupling g (which is dimensionless, and associated with gy by the equation g%, ~ go/(p_g)/Q)
is intrinsically defined on the D-brane (SM-brane) as an analogue of gis; of LST.
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and the solutions becomes

2 2
o= |- (1 D) (1 ) ()7 s | o

([7.14) does not lead to a fine-tuning of YSNS’D). It only restricts the ranges of VTSNS’D).

Also one can check that one of the solutions in ([7.I§) reduces to gs ~ ZVO(NS)/ VO(D) for
I — 0, which is just the one that we have obtained in (@) The other solution in ([7.15)
reduces (upon using VO(D) ~ VO(NS)) to gs ~ —VO(D) / 2V1(D for I — 0, which may correspond
to the strongly coupled case for either VO(D)/Vl(D) ~ O(1) or VO(D)/Vl(D) ~ gs/g (see (F.10)),
and should perhaps be discarded in the framework using perturbation.

So far we have concentrated on the constant [. But the (3 + p)d metrics also depend
on ag (as well as [) as observed in section f|. But still, one can show that their geometries
are virtually unchanged by an addition of the SM-brane though the effect of da; is taken
into account. In order to see this, define a constant k as
_ ag(Vp(®) + Vs(P)) — o (Vns (®)) dog

) _
k= e (Vas ()] = ae(hs(@) (7.16)

where ag(Vp (®)+Vns(®)) represents the value of g when the brane at n = 0 is a coincident
brane of the SM- and the background NS-brane, while o (Vns(®)) the value of o when
the brane at n = 0 is simply an NS-brane. From ([£7), (7.2) and (7.1d), one obtains

ws)  Llla+2)+1)

2 1
KV, : ) ), , (a+2)p+1),m)

Vo gt Vi gt =0, (T17)
and the same analysis made for ([.§) can be applied just as it is to this case too. One
finds k ~ gs, implying (together with [~ gs) that the (3 + p)d geometries are virtually
unaffected by an addition of the SM-brane in the limit g; — 0. Similarly, the shift in k
becomes §k ~ g2 (In the case o = —2, it is even smaller; i.e., 5k ~ ¢3.) as before, so the
change of the (3+p)d geometry due to quantum corrections is extremely suppressed in the
limit g; — 0.

8. Codimension-1 brane as a T-dual of codimension-2 brane

In section fl, we found that solution to the set of field equations takes the form of ([L1)
with 9 (r) given by ([.9) or (f.11]) according to whether A # 0 or A = 0. In the case
A # 0, (9) is valid only when + is positive. But in the case A = 0, (J.11)) is valid for both
positive and negative 7. So far we have assumed that the brane at r = 0 (or n = 0) is a
codimension-2 brane. But codimension-2 brane can exist only when Y is closed at r = 0.
In some cases X fails to be closed at r = 0; rather, it spreads out (i.e., \/ggs diverges)
there. Whether ¥ is closed at r = 0 or not entirely depends on the signature of v. When
A # 0, X5 is always closed at 7 = 0 (n = 0) because v must be positive in the case A # 0,
and 2—(4/m) —4f§ =2 > 0 in (p.10) for positive v. When A = 0, on the other hand, (6.13)
shows that while ¥ is closed at r =0 (n = 0) if ¢ > 0 (r > 0), it spreads out as r — 0
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(n—0)if e <0 (r <0). So the brane at » = 0 is a codimension-2 brane in the case € > 0,
while it is necessarily a codimension-1 brane in the case ¢ < 0. In the following discussion,
we will identify these branes as certain limits of the type II codimension-1 brane introduced
in appendix.

Once these branes (of the case A = 0) are identified with the type II codimension-1
branes, we observe that they are T-duals of each other provided that they have the same
mass. In order to see this, return to the metric (6.15). For € > 0, (f.19) becomes

2 2 l
ds?, o = di® + % <%> do® + dp (%) (—d? +di2) |, (8.1)
¢
while for e < 0,
mw\" 2 78 () A%
dsiog = (f) dn® + d—g <;°) do* +dg <%> (—dt* +di2) . (8.2)
¢

These two metrics are related to each other by a duality transformation. We see that one
of them is converted into another by a transformation

2
_
77—>77=;°, (8.3)

and if we identify 7y with the string length v/o/, (B:d) becomes a (closed string) T-duality
transformation of the string theory. Codimension-1 branes can be obtained from (B.1)
and (B.2) by fixing  to a constant ; i.e., n = 7., where 7. represents the position (or
the radius) of the branes in the n—coordinates. If these two codimension-1 branes have
the same mass, they are T-duals of each other because they are related by the duality
transformation (B.3), and the total mass of the brane is conserved under duality trans-
formation. Let us identify these branes as the type II codimension-1 branes, and take
Ne — 0. The codimension-1 brane of the case € > 0 then shrinks by 7. — 0 to a point to
become a codimension-2 brane, while the other one of the case € < 0 still remains to be a
codimension-1 brane. But still, these two branes are related by (B.3)), and they have the
same mass because the total mass of the type Il codimension-1 brane is preserved under
the variation of 7.. So they are T-duals of each other.

Let us consider the codimension-1 brane of the case ¢ < 0. We assume that this
codimension-1 brane is located at r = 0 for the moment. Since this brane exists only when
A =0, it is described by

Yr? = —— (8.4)

i (r) = dyg (U) | (5.5)

One can check that (B.4) and (B.H) satisfy the field equations (A.13) with A = 0, and (A.14),
respectively. (B.4) and (B.§) show that there is a reflection symmetry about the brane at

and

r = 0. We take this codimension-1 brane as an orbifold fixed line; i.e., we identify every
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point of the region r < 0 with the corresponding point of the region r» > 0, and then take
the region r» > 0 as a fundamental domain. Note that extra factor two has been multiplied
on each apy in (A.13) and (A.14). It reflects the fact that the orbifold fixed line at » = 0 is
an overlap of two codimension-1 branes each of which belongs to the corresponding regions

r < 0and r > 0. So the tension V,11(®) (and consequently ajs) must be doubled.

So far we have assumed that the type II codimension-1 brane is placed at » = 0.
However, we want the brane at r = 0 to be a codimension-2 brane because we want to
set our SM-brane (a codimension-2 brane) at ¥ = 0. Thus in the followings, the type II
codimension-1 brane will be moved to r = r,, (or n = 7, in the n—coordinates), and it
will serve as a T-dual of the codimension-2 brane at = 0 (see the case III of section [L0)).
So in the present paper we always consider the case where X9 is closed at » = 0.

9. Matching conditions

According to the metrics in section [], two extra dimensions of X9 form an infinite volume
space, which may need to be compactified anyhow. In order to avoid such noncompact
extra dimensions, we introduce a codimension-1 brane (= brane B) at a finite distance
from the codimension-2 brane at ¥ = 0. Because this codimension-1 brane is expected
to be an ordinary codimension-1 brane, we begin with the field equations for the type I
codimension-1 brane introduced in appendix. We assume that the brane B is placed at
r=rg.
The field equations (A.d)—(A.5) require the fields to satisfy the matching conditions

o s T g = Y o)
G I EL e+ Sac. (9.2)
ol (9:3)

in addition to
Ril,_,, =Ful._,, =, Br| _ =€l (9.4)

where the indices I and II represent the regions r < rp and r > rp, respectively. In the
region I, a coincident brane (of the SM- and the background NS-branes) is placed at 7= 0,
and we want this to be a codimension-2 brane (see section ). In the region II, we want
a corresponding brane to be placed at r = 2rg(= ry,,) by reason of symmetry. So the
configuration is that we have a codimension-2 brane at 7= 0, and a corresponding brane
at r = 7, (which can be either the type II codimension-1 brane, or a codimension-2 brane),
and finally a type I codimension-1 brane (= brane B) in the middle, i.e., at » = rp. The
whole internal space Y9 thus consists of two parts; i.e., the region (=0 < r < rp = Xoy)
and the region II(=rp < r < 1y, = Xoy7), where r,, = 2rp as defined above.

In the region I, 1 (r) and i (r) are due to the brane at ¥ = 0 and directly given by ([.9)

(or ((.11)) and ({.13), respectively. In the region II, (r) and 4y/(r) are due to the brane
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at r = r,, and also given by (.9) (or ({.11))) and (f.19), but this time r is replaced with
rm — 7. That is, we construct Yo by gluing Yo;; onto Yo; with left and right reversed. We

have
bo] 7“72 [01] (7“/7“0])71 + Cor (7“/7“0]) 77]} - (region I)
Y(r) = 2 (9.5)
borr 2 {cln((rm — ’I“)/’I“()[[)’YH + 0211((rm — ’I“)/’I“()[]) _m] - (region II),
and
(7’/7:01)041\4I (region 1)
im(r) = (9.6)

((’I“m — r)/fon)aMH (region II),

where ¢; are given by ¢y = co = 1 for A # 0, and ¢y = 0, co = 1 for A = 0. Also, the
constant by is by = £(8y?/mA) for A # 0, and arbitrary for A = 0. Substituting (P-3)

and (P.6) into (P-1)—(P-3) gives

+1 1
arr +arn =B, asr+asrr=— v 5 )32 - 551 , apr+oapn=—-2By, (9.7)
where By and B; are given by
2 2
B = I£20£p+1) +—Y,, By = Iﬁ:zCép—H) + MYO , (9.8)
m 2m
where
X X1 X X1 VI,I1
Yo=r lowr X1 F car 1_1] M1 lovrr X F cart Iil] ) (X[ = ( "B > > . (9.9)
[CHX[ + CQ[XI ] [CH[XH + CQ[[XH ] ’ TorI,I1

Recalling (f.1G), one finds that (0.7) can be solved by setting
Bi=B,=0, (9.10)

and therefore
ayt + amir =0, (M =R, o, B) . (9.11)

With ¥; = 0, (p.11) reduces to a fine-tuning of V,(®). But in the case A = 0,
once VU; is "turned on” (0.11) does not restrict V,(®) anymore. The reason is as follows.
In (P.11]), the number of independent equations is only two (instead of three) because they
are related with each other by ([l.16). The number of independent a; is also two because
they depend only on two independent functions V,(®) and 0V, (®)/0® through C; and
Cy; i.e., four aps contain only two independent degrees of freedom (indeed, four ay; with
M = R, ®, B, ¢ are related with each other by (f15), and (f.16) as well). So the two
degrees of freedom V,(®) and 9V,(®)/0P are fixed by the equations in (P.11)). If ¥, is

"turned on”, however, the situation changes. C and C5 (and therefore aiys) are now going

to include two more degrees of freedom Fp and Fg (see (B.26) and (5.9)); i.e., apr become
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ay = ay(Vp(®), 0V,(P)/0P, Fp, Fp). Thus this time the two independent equations
in (P.I1) can not restrict V,(®) anymore® due to the presence of the extra degrees of
freedom Fg and Fg, and therefore (0.11]) does not reduce to a fine-tuning of V,(®) when
U; # 0. In the case A # 0, however, the self-tuning of V,,(®) is not guaranteed since in this
case we have only one extra degree of freedom, i.e., F.

Turning back to the matching conditions, it is convenient to replace the conditions

in (9.4) by

\Ill‘r:rB = \I}H‘T*TB ’ (912)
and
iMI‘r:,,B = iMII‘r:TB . (9.13)
The condition (P.13) can be easily satisfied if we take
Tor = To11 = TB - (9.14)
But (0.13) gives a condition
bor |:CHXI + Clel_l} = borr |:CHIXII + e Xyt (9.15)
by which, (0.9) reduces to
[c11 X1 F cor X ]
Yo = (v + ) 1 (9.16)
[CHX[ + CQIXI 1]
Also from ([.10) one finds that (9.11)) implies
+m=0 — Yp=0 (9.17)

provided m (or ) takes the same value at both regions of ¥, and (9.17) in turn implies
(by (B.§) and (0.10)) that
crth — ot =g (9.18)

This is interesting. If A couples with the dilaton in the same form at both regions of X9
(but see also the case I of the next section), we do not need to introduce the brane B in
order to satisfy the matching conditions at » = rp. They are automatically satisfied as

long as (P.11]) and (9.15) are met.

®In this case, (9.11) only determines the boundary values of Fp and Fg, or equivalently the values of ¥;
at r =0 and r = ry,. ¥; have been introduced in the action in order to compensate the D-brane tensions at
the boundaries r = 0 and r = r,,, where the D-branes are assumed to be located. So, what really matters
is just the boundary values of ¥; at » = 0 and r = r,,, not the functional form of ¥; between r = 0 and
r = Tm. Indeed, the equations of motion for ¥, are second order equations, i.e., OV; = 0 with g, in O
replaced by €*®§,p as can be obtained from (@) So the boundary values of ¥; at both r =0 and r =7,
can be chosen to compensate the D-brane tensions as we wish.
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10. Brane world models

In this section we will consider various types of brane world models satisfying the matching
conditions of the previous section. In the followings we will restrict our discussion only
to the case where |yr| = |y11| in consideration of symmetry. Also we will assume that the
value of A of the region I (= Aj) can be different from that of the region II (= Ayp).

(a) case I (A1 # 0, A # 0)

Since v must be positive in the case A # 0, 77 and 1 are both positive constants,
i.e., v = v, which agrees with () only if m; = —my1, where my j; represent the
values of m at region I and region II, respectively. Having different m at each region
means that A couples with dilaton differently at each region. As an example, consider
a case where a = —2 (m = 2) in the region I, while a = 0 (m = —2 assuming that
p = 3) in the region II. This describes a model in which A couples with dilaton with

2% in the region I, while it does not couple with dilaton in the region II.

a factor e
Since m; = 2 and my = —2, y7,;; become 7 = —agr and 11 = ogyy, respectively,
and (P-11)) implies v; = 1.

The analysis of section H was based on the assumption that oy = a;p = « (m; =
my = m). If ar # an (m; # my), By and By in (0.§) must be modified. Upon

using (9.17), they are modified to

11 X1 Fear Xt
B = w2C" 42 (l + ﬂ) o Xi Fenky | (10.1)
mr mii [CHX[ + CQIXI

1 cir X1 Fear Xt
By = k2CPHY 4 [(a1+2)1+(an+2)ﬂ] o1 X1 F ear {1} .
2 mr mi1 [Cl[X[:l:CQ[XI ]

(10.2)

In the case my; = —my (and 77 = 711), (0.1)) reduces to By = /<;2C£p+1), and conse-
quently By = 0 implies
CPt) =0 SV, (@) =0. (10.3)

So the brane B is unnecessary even in this case. Since ([[0.d) also implies Cép ) 0,

the condition By = 0 requires

oy + 2 oqr + 2 _
(ar+2) | (on+2) (XrFX;H=0, (10.4)
my mir
where we have set v = 1 and ¢;7 = cof = 1. For af = =2 (my = 2) and ag; = 0

(m; = —2), ([0-4) is satisfied only when X; = X; ' (and therefore when A > 0), or
equivalently when

TOI =TIl =TB , (10.5)
which together with (D.14) implies (see the definition of dys in (.4))

dyi=dymn=1. (10.6)

Thus in this case the integration constants 7y and ry (and therefore dy;) are all fixed
by the matching conditions. Finally, the geometry of the bulk spacetime is described

by (6.10) (or (6.14) in the case o = —2) at both regions of ¥s.
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(b) case II (Ay # 0, A;; = 0)

In the case II (and in the case III) m; and my do not have to be different from
each other, and in the followings we will restrict our discussion only to the case
my = mp = 2. Since m; = myy, the whole discussion of section E can be applied
to the case II (and the case III). The brane B is unnecessary, and the matching
conditions to be met are those in (P.11]), (P.14) and (9.15). Since m; = myy, (9.11)
implies 11 = —v7 < 0, which is allowed only if Aj; = 0. (9.15) therefore reduces to

bor [ X1+ X1 = bors Xyt (10.7)

where by; is given by bor = £(472/A ), but boy; is arbitrary. So ([[0.7) can be satisfied
for any 7oy 11 if borr is chosen properly. Since 77 77 are arbitrary, dasr,rr are not fixed
by the definition of dj; in (p.4). The geometry of the bulk spacetime is given by (5.14)
in the region I, while it is given by (p.15) in the region II.

(c) case III (A = App = 0)

In the case III, we only need to consider the case m; = my = 2 (recall that we
have decided to take o = —2 (m = 2) in the case A = 0, see section ff). So the
whole discussion of section ¥ can be applied to the case III either; the brane B is
unnecessary, and the matching conditions to be met are just (9:11)), (9.14) and (9-17)
as before. But in the case III, (P.I5) reduces to

bor  borr
2or_ Joir 10.8
Xr  Xu (108)

where bor and bor; are both arbitrary. Since bor,rr are arbitrary, (| g) can be sat-
isfied for any arbitrary 797,77, and therefore dpsr ;7 are not fixed by the matching
conditions. (0.11), on the other hand, implies that vy = —11 > 0, so 3 is closed at
7 =20 (r =0) (note that the bulk geometry of the case III is given by (6.13)), while
it diverges at n = 1, (r = 7). Thus the brane at n = 0 is a codimension-2 brane,
while the one at n = n,, is necessarily a codimension-1 brane. If we identify these
two branes as the 7. — 0 limits of the type II codimension-1 brane, they become
T-duals® of each other because they have the same mass (note that |y;| = |y11| in the

above).

So far we have considered three types of brane world models satisfying the matching
conditions, and in all these three cases the brane B at r = rp is unnecessary. Among
these, the case I and case II are somewhat special in the sense that A or its dilaton
coupling is not uniform in the whole regions of 5. Besides this, the self-tuning of
Vp(®) is not obvious in the case I due to lack of extra degrees of freedom which is
needed to avoid the fine-tuning of V,(®) (see section f]). ( Also in the case I, ([[0.4)
is not consistent with de — 0.) Of the most interest is the case III, which is also

natural in the context of string theory where A is absent in ordinary circumstances.

To be precise, they are ”anti T-duals” (rather than T-duals) of each other in the sense that their masses
are equal in magnitude, but opposite in sign (see (9.11)).
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In the next we will be back to the case III to go into more details about the brane
world model with A = 0.

case III again

The self-tuning brane world model with A = 0 includes two coincident branes, one
of which is a codimension-2 brane placed at 7 = 0 (the origin of ¥3), another a
codimension-1 brane placed at n = 7, (the edge of ¥3). These two branes are (anti)
T-duals of each other, and related by the duality relation (B.3). So the codimension-
2 brane in the n—coordinates becomes a codimension-1 brane in the n—coordinates,
and wice versa. Namely, these two branes interchange their shapes under (B.3), and
one of them is identified with our SM-brane (plus the background NS-brane).

Let us turn to the geometry of Yo especially in the vicinity of 77 = 0. Since the bulk
geometry is practically unaffected by the SM-brane (see section [f), we simply consider
the case where Vp(®) is "turned off” and there is only a background NS-brane at
7= 0. With Vp(®) turned off (I = 0), (B.]) can be written as

1
dsy = dn® + 3°n*d0* + (— dt* + di2) | ( = —T—‘)) , (10.9)

where ( is a dimensionless constant associated with a deficit angle § defined by
§ = 27(1 — ). According to the string theoretical description (5.19), 3 becomes
B = g2ae and further, since ag = 2V, (®)/27 (note that V,(®) = (—1/2)0V,(®)/0P
for { = 0), and V,(®) (= Wns(®)) ~ 1/a’(p+1)/295 in the string theory, g finally

becomes
M 14p
B~ 2 , 10.10
Vi (10.10)

where Mj is the string scale : M, = 1/l, = 1/v/o/. If 3 =1, ¥y is simply Ry. But if
B =1/n, X9 becomes an orbifold Ry/Z,, with an orbifold singularity at 7 = 0. But in
both cases (3 should be of order one; # ~ O(1), which is naturally connected with the
hierarchy problem. Namely in ([[0.10), M, and Ms,, should be of the same order in
order that 8 ~ O(1), which accords with an assumption [[]-[] that there exists only
one fundamental short distance scale (i.e., the electroweak scale mgw) in nature.

11. 4d Planck scale

In this section we will restrict our discussion to the case p = 3 to evaluate the 4d Planck

scale My,). The finiteness of My, is closely related with the localization of the zero mode of

the 4d graviton. We will also concentrate our attention mostly on the case III among the

three cases of section [[(. Finally we will use [ = 0 by the same reason that was used to
obtain (10.10).

In the case III, the 6d metric is given by (B.1) in the region I (0 < n < np), while it is
given by (8.9) with 7 replaced by 1, — 1 in the region II (ng < 1 < n,,) (also ny must be
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identified with np in order that two metrics match each other at n = np). For this metric,

nB Nm—T dn
M? :27TM4@ / dn + 4/ — 1 ], 11.1
ol 6 gy \ At S (11.1)

where we have used (B.17) (together with (F.13)) and the relation d¢ = dy2d%. In ([1.]),
7 represents the thickness (we assume that every brane has the same thickness) of the

M, is given by

branes in the n—coordinates. In the thin brane limit, 7 vanishes. But in reality, branes
have nonzero thickness and 7 takes some nonzero value. Neglecting 72 term, one finds

M2 = op art 12 2 _ (11.2)
pl = <7 Mg dg Pmax > Pmax = p s .

where pmax may be identified with the size of the codimension-1 brane, or equivalently the

size of Y9; indeed, if the codimension-2 brane has a size (thickness) 7, then the codimension-

1 brane must have a size n%/7(= pmax) by (B:J) because they are (anti) T-duals of each
other. Since ag = 2V, (®)/27 for I = 0, ([I.9) finally becomes

M1231 ~ “/;7(@)‘[)1211&)( ) (113)

where we have set dp = 1 (note that ag = 0 for | = 0 and a = —2). ([[1.3) contrasts with
the conventional equation [f]
M2~ MY P (11.4)

In (11.4), the 4d Planck scale My is given in terms of the 6d Planck scale Mg. But in ([LL.d),
My is not directly given by Mg (M§ was cancelled out in (LL.3)); it is determined by the
brane tensions and the size of the extra dimensions. But if we use V,(®) ~ Vng(P) ~
1/a/%¢2, (I1.3) can be written in terms of M, :

M4
MY~ =5 Pax - (11.5)

s

where Mj is the string scale: My = 1/l; = 1/v/ o/ as mentioned before. In some sense, ([L[1.9)
may be considered as a string theoretic generalization of ([1.4); ([1.§) reduces to (I1.4) if

we identify
M4
Mg = —2
9s

which is just an analogue of the string theoretical definition of the 10d Planck scale: My =

, (11.6)

M8/g?. In the limit g; — 0, however, ([[1.§) is unnatural because it implies Mg/M; — oo
as gs — 0. ([[1.6) may be senseful perhaps when gs ~ O(1). That is, the identification
of ([L1.5) with ([L1.4) may not be valid in the weakly coupled case gs — 0.

There is a different way of viewing ([L.5). If we take an assumption that mgw is the

only fundamental short distance scale in nature (i.e., if we assume that My ~ TeV and
pmax ~ TeV 1), then g, expected from ([[1.§) would be ~ 10716, which is just the realistic
decoupling limit considered in "Little String Theories at a TeV” [2(].
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Finally, M, of the case II (of section [L]) is similar to that of the case III. For m; =
my = 2 (ay = a;p = —2), it is given by

1 B NMm—T dn

M2:27TMZLM —/ sinh\/Andn—i—vfl/ — | - 11.7

pl 6 dp \/W i ‘ ‘ B - (nm_n)g ( )

Note that ([[1.7) reduces to ([1.1)) in the limit A — 0. For the case I, we will not give a

precise value of My, but it is obviously finite even in the thin brane limit 7 — 0. Omitting

np—dependent hyperbolic functions, it is of order Mgl ~ [V, (®)|/|A], or in terms Mj it is

given by MS] ~ MZ%/|A|g?. But as mentioned before, the self-tuning is not guaranteed in
this case.

12. Summary

In this paper we have presented a new type of self-tuning mechanism for (3 4+ p)d brane
world models in the framework of gravity-scalar theory. Each model contains two coincident
branes each of which is a stack of a D-brane (SM-brane) and a background NS-brane.
Among these models, of the most interest is the case with A = 0, which is not only
interesting but also natural in the context of the string theory. In this model, one of the
coincident branes is a codimension-2 brane placed at the origin 77 = 0 of the 2d transverse
space Yo, while the other is a codimension-1 brane placed at the edge of 5. These
two branes are (anti) T-duals of each other, and interchange their shapes under duality
transformation, and one of them is identified as our SM-brane (plus the background NS-
brane).

The given models exhibit a remarkable feature. In the limit g; — 0, the bulk geom-
etry (as well as the flat intrinsic geometry of the branes) is practically insensitive to the
quantum fluctuations of SM-fields with support on the SM-brane. This can be achieved
by introducing NS-brane which serves as a background brane on which our SM-brane is to
be set. Indeed, the existence of the background NS-brane is naturally suggested by field
equations, which impose a certain restriction on (the dilaton coupling of) the brane tension
so that the background brane must be of the NS-NS type. In the presence of this NS-brane
the 2d transverse space 32 becomes an orbifold Ry/Z, with a deficit angle 6 = 27 (1 — )
where 3 ~ (M;/Ms4,)'™P. So in order that 3 becomes of order one, the (3 + p)d Planck
scale M3y, should be of the same order as the string scale M, which accords with the
hierarchy conjecture that there may exist only one fundamental short distance scale in
nature.

Now introduce the SM-brane on top of the background NS-brane placed at the orbifold
singularity. Such an introduction of an SM-brane usually affects the geometry of bulk
spacetime due to the tension of the SM-brane. In our case the effect of the (brane tension
of the) SM-brane on the bulk geometry is essentially expressed in terms of the parameters
I and k. So they take nonzero values in the presence of the SM-brane, while they vanish
in the absence of the SM-brane. In the given models, however, the increments in [ and k
due to an introduction of the SM-brane is negligibly small; they are all of the order ~ g,
so they go to zero in the limit g; — 0. The shifts in [ and k£ due to quantum corrections to
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the brane tension (due to dynamics of SM fields on the SM-brane) are consequently even
smaller than this. They are just 81,0k ~ ¢%,,9s o/ ~P=3)/2 (or 81,6k ~ g%, o/ ~P73) o g%in
the case g%M ~ gsa’_(p_g)/Q), which again vanish in the limit gs — 0. Thus the geometry
of the bulk spacetime is practically insensitive to the quantum fluctuations of SM fields
with support on the SM-brane.

Finally for p = 3, the 4d Planck scale M, is given (in the case A = 0) by Mgl ~
M2p2 . /g2. So if we apply to this equation the hierarchy assumption that M, and ppax
are both of the order the electroweak scale ~ TeV', the estimated value for g, will be about
~ 10716 which, however, is just the realistic value of the decoupling limit g, — 0. This
again shows that taking g; — 0 is consistent with the hierarchy conjecture in the present

paper.
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A. Codimension-1 branes

In this section we will consider two different types of codimension-1 branes, which we will
call type I or type II codimension-1 brane, respectively.

A. Typel

Type I codimension-1 brane (this is an ordinary codimension-1 brane) is described

by
Ic(ic)l—l = —/dp“g;dg —det |guw| V900 Vpy1(®) , (A1)

where ggg (as well as g,w) is a pullback of Gy to the codimension-1 brane. Upon

using (2.9) and (P.§), (A1) reduces to
10(271 = _/z dy/G \/Gee €** 2PV 1 (8) 6(r —1p) (A.2)
3

where rp represents the position of the codimension-1 brane. With this action, the
field equations become

d ( dinR
- <7" ; ) + Apr = —k2CPV §(r —rp) (A.3)
d dd +2)(p+1)+4 +1
ar < ar > B A = By st =)
1
5RO —rs) (A4

(;lﬂ( dB)_(a+2)

r— — Ayr = QRQCépH)é(r —rg), (A.5)
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C'(erl)

where the constants are defined by

Cprrl) — 6(p+1)B/2@‘/p+1((I))‘T ,

=rB

10V,11(®
C§p+1) _ €(p+1)B/2\/ﬁ V;)—i—l(q)) + = p+1( ) (Aﬁ)
2 0P r=rp
. Type II
Type II codimension-1 brane can be obtained from (A.1) (or (A.2)) by setting
V(@
V00 Vp+1(P) = p2(7T ) (A.7)
So the action is given by
-~ o(r
I(Eidl)fl = _/ RTAVET Vp(‘b)g ; (A.8)
PR Q

where we have assumed that Y5 is not closed at r = 0 and the brane is placed
there. ([A.7) indicates that Vj41(®) of the type II brane is inversely proportional to
the size (the radius) of the brane; ie., V,411(®) o 1/,/ggg so that V,(®) becomes
independent of ,/ggg. This is the crucial difference between type I and Type II
codimension-1 branes. In the case of type I brane, V,;1(®) is itself independent of
V909- (B§) has the same form as (B-J) except that the 2d delta-function §2(7) is
replaced by 1d delta-function 6(r)/27 v/g2. The type II codimension-1 brane is a
codimension-1 brane which can be obtained from a codimension-2 brane (a point) by
expanding it to a circle with the total mass of the brane kept constant. Conversely,
a codimension-2 brane can be obtained from the type II codimension-1 brane by
shrinking it to a point with the total mass of the brane kept constant. ([A.7) indicates
the fact that the total mass of the brane is unchanged under this expansion (or
contraction). The field equations for this codimension-1 brane are given by

d dln R 6
% <|’I“| (;’ll“ > —|—AT,Z)|’I“| = —2/‘{201 % s (A9)
d (A [at2@+) 44, , 3(0)
ar (\7“ %> - 3 Alrf = (p+ Dr"Caz =, (A10)
d dB (v +2) 9 5(r)
% <‘T’%> — 5 AIMT‘ = 4k CQ% y (A.ll)

where the constants C; are defined by

7 C,y = eP+1)B/2 <Vp(<I>) n 13‘/})(@)>

C = €(p+1)B/2Vp(CI))

. (A12)

r=0 2 00 r=0

similarly to (B.2d). Note that the right hand sides of (A.9)-([A.11)) have been doubled
as compared with (B.21))-(B.23). The reason is as follows. The left hand sides of (A.9)~
(A1) show that there is a reflection symmetry about the codimension-1 brane at
r = 0 (we have |r| in the equations). So we naturally take the codimension-1 brane
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as an orbifold fixed line: i.e., we identify every point of the region r < 0 with
the corresponding point of the region r > 0, and then take the region r > 0 as a
fundamental domain. Then the orbifold fixed line at r = 0 becomes a stack of two
codimension-1 branes each of which belongs to the corresponding regions. So we have
to double the right hand sides of (A.9)-(A.11). The equations (A.9)—(A.11]) can be
solved by ([.1)) with ¢ (r) and ip(r) given by

<| |d1mpr > n TT/’\WQ = —2magd(r) (A.13)
and
<| |danM> =2ay8(r) . (ing =iy ) (A.14)

where ayy are the same ones as those in ([L4)—([.7).
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